Introduction
The theory of cosmic inflation was originally proposed as a solution to the horizon and flatness problems [1, 2] . It was soon after realized that inflation provides a mechanism to explain how quantum fluctuations in spacetime were magnified to cosmic size and became the seed for the growth of structure in the Universe [3] [4] [5] [6] . The simplest theory of inflation assumes the existence of one real scalar field φ which is minimally coupled to gravity, has a canonical kinetic term and is governed by a potential V
Pl ≡ 1) .
(1.1)
The energy density of this field acts as a cosmological constant and leads to the exponential expansion of the Universe during the inflationary epoch. The Friedmann equations which describe the expansion of the Universe are ȧ a
where H is the Hubble parameter, a is the scale factor and a dot denotes differentiation with respect to cosmic time t. The Klein-Gordon equation which describes the dynamics of the inflaton field has the formφ + 3Hφ +V = 0 , (
where a prime denotes differentiation with respect to the field φ . Inflation is usually studied with the help of the so-called slow-roll approximation. In this approximation, the field slowly rolls towards the minimum of the potential so that its potential energy dominates over its kinetic V (φ ) φ 2 , while the condition |φ | |3Hφ |, |V | must also hold in order for inflation to last long enough to solve the horizon and flatness problems. The first Hubble slow-roll parameter (HSRP) is defined as 4) and is small during inflation but becomes exactly unity when the acceleration of the scale factor goes to zero and inflation endsä
The second HSRP is defined as 6) and is related to the condition |φ | |3Hφ |, |V |. In the slow-roll approximation, the equations of motion take a simpler form
The shape of the potential is encoded in the so-called potential slow-roll parameters (PSRPs)
The PSRPs are related to the Hubble ones through the following equations [7] 
and if we employ a Taylor expansion we find 10) to first order. The quantities that are most relevant for inflationary model building and constrained by the experiments are the scalar spectral index n s and the tensor-to-scalar ratio r, which we ideally want to express in terms of the PSRPs
since when we construct an inflationary model we usually consider a specific potential. Finally, the variation of the field during inflation can be connected to the number of e-folds 12) which give the exponential variation of the scale factor and have to be between 50 and 60 so that the horizon and flatness problems are solved. The simplest models like φ 4 , φ 3 and φ 2 have already been ruled out by the Planck 2015 data [8] , while a little more convoluted models, such as the α-attractors [9] , the Starobinsky [10] and some non-minimally coupled models such as Higgs inflation [11, 12] yield predictions that still comply with the observations.
Invariant formalism and slow-roll approximation
Most of these models belong to the general class of scalar-tensor theories [13] 
where the function A gives the coupling to curvature, the function B is a general coupling with the kinetic term, V is the scalar potential and σ is the conformal coupling between the metric g µν and the matter fields. By choosing the form of these functions we get a specific model. A conformal metric rescaling and field redefinition can fix two of the model functions to get different parametrizations, e.g.,
• Jordan frame Boisseau-Esposito-Farèse-Polarski-Starobinski parametrization
• Jordan frame Brans-Dicke-Bergmann-Wagoner parametrization
• Einstein frame canonical parametrization
Of course, in this kind of theories the frame issue arises: which frame is physical? Jordan or Einstein? Or both? In the Jordan frame we have in general a non-minimal coupling between the scalar field and gravity but freely-falling objects made of matter follow geodesics of the metric, while in the Einstein frame we have a minimal coupling to gravity but the coupling of the matter fields to the metric are rescaled by the conformal factor. The two frames are mathematically equivalent at the classical level 1 since one can always switch between them by applying a conformal transformation of the metric and a field redefinition, collectively referred to as frame transformation. Nevertheless, the physical equivalence of the frames with respect to the physical predictions has become a matter of a long-standing debate . So, in [48] , in order to avoid the frame issue we consider quantities that are invariant under a conformal rescaling of the metric and a scalar field redefinition. We write the equations of motion in terms of these invariants, then we compute the inflationary observables up to third order in the slow-roll approximation and express them in terms of the invariants. Now, the action (2.1) remains invariant under a conformal transformation and field redefinition
2) if the model functions transform as [23]
3)
By using these transformation rules we can construct combinations of the model functions that remain invariant under a frame transformation.
The scalar invariants that we use are [49] 
The first one is related to the non-minimal coupling, the second one plays the role of the invariant potential, while the third one can be interpreted as the invariant field.
A very attractive feature of the invariant formalism is that we can easily classify inflationary models based on their invariant potential [50] . For example, let us consider induced gravity inflation [51] and Starobinsky inflation [10] . The former is described by the model functions
(2.10) 1 See also [14] [15] [16] [17] [18] for considerations on the quantum equivalence of the frames.
where ξ is the nonminimal coupling and v is the vacuum expectation value (VEV) of the scalar field Φ which induces the Planck mass scale, 1 = ξ v 2 . For Starobinsky inflation with f (R) = R + bR 2 one has [35] A
From the above we calculate the form of the invariant fields, invert them to find Φ(I φ ) and then using (2.8) we calculate I V (Φ(I φ )) = I V (I φ ) and obtain Induced gravity:
Starobinsky:
For relatively large values of the non-minimal coupling they have the same form, see The normalized invariant inflationary potentials for induced gravity and Starobinsky models for ξ = 2. In the strong coupling limit the invariant potentials have a similar form and lead to the same predictions, while in the weakly-coupled limit induced gravity approaches the quadratic inflation attractor (inset in left plot).
explains why such different models give essentially the same predictions for the inflationary observables.
Apart from scalar invariants we can also define tensorial invariants. By using the transformation properties of the model functions we define the invariant metriĉ
Note that this is not a unique choice. For example, by multiplyingĝ with the first invariant we thē g metricḡ
which is also invariant under conformal transformations and field redefinitions. Notice that matter fields couple to theḡ metric so we call it the invariant Jordan frame metric, while we callĝ the invariant Einstein frame metric. Assuming a flat FLRW spacetime,
because of homogeneity and isotropy the inflaton and the invariants only depend on the cosmic time t, i.e. I i = I i (t) etc. From the FLRW metric we can obtain the time parameter and scale factor in the invariant Einstein frame 17) and from there to the invariant Jordan frame
The equations of motion in terms of the invariants in the invariant Einstein frame have the formĤ
and the first two HSRPs are defined aŝ
Also, since we wish to compute the inflationary observables to higher-order in the slow-roll approximation, we introduce the following series of parameters:
Now, in the invariant Jordan frame the equations of motion have the form
and the standard HSRPs have the form
At this point, apart from the κs
we introduce a new series of HSRPs, namely,
that depend on the first invariant. Interestingly, the PSRPs depend only on invariants. The first one assumes the form [52] 
while η V and higher-order parameters can be encoded in the hierarchy
where n β V is a parameter of order n in the slow-roll approximation. The first three parameters arising from this hierarchy are
31)
(2.32)
Note that we have changed the symbols ξ and σ of [7] in order to avoid confusion with the nonminimal coupling and one of the model functions, respectively.
Higher-order spectral indices
Since we wanted to compute the inflationary observables to third order in the slow-roll approximation, we saw that the conventional methods based on the Hankel functions fail because of the underlying assumption that the first slow-roll parameters are constant during the superhorizon evolution of the curvature perturbations. Instead, we employed the Green's function method of Stewart and Gong [53] 2 which is valid to all orders in the slow-roll expansion. Thus, in the Einstein frame and in terms of the HSRPs, we obtained the scalar power spectrum [48] 
where α ≡ (2 − ln 2 − γ) 0.729637 and γ 0.577216, the scalar spectral index and finally the tensor-to-scalar ratiô
Similarly, in the Jordan frame the second-order-corrected scalar power spectrum in the slow-roll approximation is:
and the scalar spectral index is:
Finally, for the tensor-to-scalar ratio we havē
Now, taking advantage of some relations that associate the HSRPs in the two frames (see [48] ) we showed that the inflationary parameters coincidê
r =r . 8) and therefore the frames are equivalent. Since the Green's function method is valid up to arbitrary order in the slow-roll expansion, we expect the equivalence between the spectral indices in the Jordan and Einstein frames to extend to all orders. Finally, by using the third-order Taylor expansions of the HSRPs in terms of the potential ones (see [48] for the full expressions) we can express the inflationary indices in terms of the latter, which are manifestly invariant.
We thus have fully invariant results. In a given model, once we derive the invariant potential I V in terms of the invariant field I φ , we can readily obtain the PSRPs and express the inflationary observables in an invariant way in terms of I V and its derivatives.
Number of e-folds
Nevertheless, since the time parameter is different in the two frames, we have different definitions for the number of e-folds, which differ by a factor that depends on the first invariant
In order to quantify this difference, let us consider as an example a non-minimal Coleman-Weinberg inflationary model [72] 3 , specified by the model functions
where the cosmological constant Λ 4 was included in order to realize V (v Φ ) = 0 and β λ Φ is the beta function of the quartic scalar coupling λ Φ . Furthermore, in this model the Planck scale is [72] for various values of the nonminimal coupling ξ and forN =N = 60.
dynamically generated through the VEV of the scalar field v Φ . Upon minimizing the effective potential one finds
Then, the invariant potential I V in terms of I φ takes the form
and is interesting because for small ξ it approaches quadratic inflation (which is excluded),
while for larger ξ (above ∼ 0.1) it goes to the limit of linear inflation (which was still marginally consistent with the Planck 2015 data)
In table 1 we show the predictions we obtain for n s and r to first and third order for the same number of e-folds in the two frames and for various values of the non-minimal coupling ξ . The n s do not differ much, but r for large ξ differs about 2% from first to third order and about 8% between Einstein and Jordan e-folds. These differences might seem small but they are very important in view of the expected sensitivity of future experiments [80] [81] [82] which will measure r with an accuracy of 0.001 4 . Finally, for the same invariant field excursion, we find a difference of about 4.5 e-folds for large ξ . The difference between the JF (N) and the EF (N) number of e-folds as a function of the nonminimal coupling ξ forN = 60 (top curve) andN = 50 (bottom curve). We see that as ξ grows we need more e-folds in the Jordan frame for the same inflaton field excursion.
Conclusions
The invariant formalism has been employed in the computation of various cosmological observables [49, 84, 85] and has been generalized to multiscalar-tensor theories [86] , scalar-tensor gravity in the Palatini approach [87] , scalar-torsion gravity [88] and to higher-dimensional scalartensor gravity [43] .
In conclusion, we saw that non-minimally coupled theories support viable inflationary models. These models belong to the class of scalar-tensor theories where the frame issue arises. In order to circumvent it we used quantities that are invariant under a conformal rescaling of the metric and a scalar field redefinition. We computed the inflationary observables up to third order in the slow-roll approximation in both frames and showed that they are equivalent. Then, we expressed the observables in terms of the PSRPs which are manifestly invariant. Nevertheless, the definition of the number of e-folds differs in the two frames and its effect on the predictions has also been investigated. We regard the Jordan frame definition as the correct one since it takes into account all three basic invariants and also includes the Einstein frame definition.
